The calculation of the polarization in ferroelectric thin films is performed 
phase transition, namely at temperature T cl and critical length l c , is shown to exist with and without the depolarization field contribution, although the values of T cl and l c are different in both cases. The detailed analysis of the depolarization field space distribution and of this field dependence on temperature and film thickness is performed.
I. INTRODUCTION
The non homogeneity of the polarization and other properties is known to be a characteristic feature of ferroelectric thin films. The physical reason of this phenomenon is related to the influence of the films surface, where, e.g., the polarization differs essentially from that in the bulk. Because of this polarization heterogeneity, the phenomenological approach to its calculation was based on the solution of Euler-Lagrange and Lame type differential equations respectively for polarization and dielectric susceptibility with specific boundary conditions [1, 2] . Because the analytical solution of these equations appeared to be cumbersome, their solution was performed numerically in most of the papers, mainly for BaTiO 3 and PbTiO 3 (see e.g. [3, 4, 5] ). Therefore the analytical calculations of the film properties appeared to be more complex than in bulk materials, where the minimization of the free energy as a power series of homogeneous polarization makes it possible to calculate the properties analytically by a simple way. The real situation in films is even more complex because of the depolarization field contribution, which, contrary to the bulk, is non zero even in short circuited films because of the polarization non homogeneity. Although the depolarization field is able to completely destroy ferroelectric polarization [6] there are only a few works devoted to calculations of its contribution to the film properties [7] . The majority of the authors performed the calculations without taking into account the depolarization field effect [3, 4, 5] . It might be supposed that the flattening of the polarization via the depolarization field contribution, as shown in [7] , could create conditions for a simplification of the thin film properties description, particularly on the basis of a free energy expansion similar to that in bulk materials, but with renormalized coefficients. Such approach was successfully applied recently to the description of thin films [8] and nanomaterials [9] . However, up to now, there was no fundamental background for such a simplified approach. In addition, nothing was discussed about the properties profiles, which cannot be obtained from conventional expansion of the free energy as a power series of the polarization.
In the present work we show for the first time that polarization and other properties averaged over the film thickness can be found by the minimization of the free energy with the same form as known for the bulk materials, but with the coefficient before square polarization depending upon temperature and film thickness, and featuring the extrapolation length and coefficient before polarization gradient. The space distribution of the polarization is calculated using the analytical solution of the Euler-Lagrange equation. The amplitude of this distribution is shown to be equal to the average polarization with a good accuracy and can thus be obtained from the aforementioned free energy. The depolarization field contribution is taken into account in the model which was proposed in [7] for single domain ferroelectric films under short circuit conditions, ferroelectric treated as a perfect insulator.
This model seems to be reasonable because the thinner the film the better the conditions for single domain state appearance (see e.g. [2] , [10] ). In addition, for many perovskite ferroelectrics, the conductivity can be small enough [11] . To analyze the depolarization field effect we perform a detailed comparison of the properties calculated with and without taking into account the depolarization field.
II. BASIC EQUATIONS
Let us consider a thin ferroelectric film polarized along the z-axis (i.e. P z = 0, P x = P y = 0), which is perpendicular to the surface of the film. This type of polarization can appear as a result of self-polarization of a film grown under special technological condition without application of any external electric field [12, 13] . Since the type of substrate and electrode was shown to be important, the mechanical strain related to the mismatch of the substrate and the film lattice constants and the thermal expansion coefficients can contribute to a self-polarization phenomenon.
The polarization equilibrium value can be obtained in the framework of the phenomenological thermodynamic theory from the minimum of the functional of the free energy [14] . In the considered case of polarization perpendicular to the surface of the film, it is necessary to take into account the depolarization field, which is proportional to the value of polarization and has the opposite direction, in such a way that it lowers or even cancels P s . In accepted models, the ferroelectric is regarded as a perfect insulator under short-circuit conditions.
Taking into account the symmetry of the considered structure (i.e. the film polarization depends on the coordinate z only) one can write the free energy density functional for phase transitions of the 1st and 2nd order (γ = 0 and γ = 0 respectively) as follows:
Here l is the thickness of the film, the coefficient α depends on temperature T as α = α 0 (T − T c ), T c is the temperature of the transition from paraelectric to ferroelectric phase in the bulk ferroelectric, E z is the external electric field, λ 1,2 are extrapolation lengths. The last two and the previous two terms represent the depolarization field energy and surface energy
respectively. In what follows we will consider the case of positive extrapolation lengths, i.e., when polarization on the surface is smaller then in the center of the film. Only in this case surface effects can lead to a size-driven phase transition [1] .
The minimization of the functional (1) leads to the following equation determining the space distribution of polarization over the thickness of the film:
with boundary conditions on the surfaces of the film:
The last two terms in Eq. (2a) represent the depolarization field:
Here the first term is the depolarization field for the free standing film, and the second one is the compensating field of free charges on the short-circuiting electrodes. The depolarization field (3) is of course zero when the polarization space distribution is homogeneous. 
.
Here all 'z' indexes are omitted, angle bracket means z coordinate averaging and the following definitions are introduced:
The average polarization of the film can be easily derived from (4):
Note that in the case d 1 = d 2 the space distribution of the polarization in the paraelectric phase (4) and its average value (6) coincides with those obtained earlier [7] .
The derivative χ = (dP/dE)| E=0 represents the linear dielectric susceptibility of the film.
The analysis of expression (6) has shown that the value of χ is positive when either f < 0 (i.e. α > 0, T > T c -paraelectric phase of bulk ferroelectrics) or f > 0 and Φ > f (T < T cferroelectric phase of bulk ferroelectrics). The dielectric susceptibility diverges for Φ = f , and the considered system undergoes a phase transition.
Because of the f and Φ dependences on thickness and temperature, equation Φ = f determines accordingly the critical temperature T cl at fixed thickness or critical thickness l c at fixed temperature.
Note that these critical parameters correspond to the points where the ferroelectric phase loses its stability (1st order phase transition) or to the critical temperature and thickness for a 2nd order ferroelectric phase transition. The parameters f and l d can be estimated respectively as 1/ε and r c / √ ε where ε and r c are the dielectric permittivity and correlation radius of the bulk ferroelectric in the paraelectric phase respectively. Therefore for conventional values of these quantities f ≪ 1 and l/l d ≈ h ≫ 1. These inequalities essentially simplify the form of ϕ(ξ) and Φ so the equation determining the phase transition point can be rewritten as follows:
The critical thickness is readily obtained from this expression:
and the critical temperature
Here l 0 (0) is the correlation length at zero temperature. As it follows from Eq. (9), if the thickness value is less than l c (0) = l
, then the critical temperature becomes negative, i.e. phase transition vanishes.
Therefore the ferroelectric phase transition in a film can be achieved by changing the film thickness at some fixed temperature or by varying the temperature of the film with given thickness. As a matter of fact the curve described by equation (9) When inequalities Φ < f and f > 0 are valid, the polarization derived by equation (4) becomes negative, and the non-linearity in equation (2a) cannot be neglected.
IV. THE FREE ENERGY
In the ferroelectric phase (the region l > l c (0) and T < T cl ) the non-linearity should be taken into consideration. The simplest way to take it into account is the direct variational method. We choose solution (4) as a trial function and an amplitude factor will be treated as a variational parameter. The condition of FE existence h ≥ (U 1 + U 2 )/f can be fulfilled because of small f and l d values. Allowing for h ≫ 1 we will look for a polarization space distribution in the ferroelectric phase with the following form:
Here P is the variational parameter that represents the amplitude of the polarization space distribution.
After calculation of integral (1) with the trial function (10), one can easily obtain the free energy density as follows:
Keeping in mind that the polarization average value is P = P (1 − A 1 )one can rewrite Eq.(11a) as:
where the following definitions have been used
It is worth to underline that the terms in Eq. (1) which correspond to surface energy, depolarizing field and polarization gradient contribute to the first term in Eqs. (11) . Therefore the main peculiarities of thin film properties have to be related to the coefficient of the second power of the polarization.
It can be seen that Eqs. (11a) and (11b) have the form of power series of the amplitude of the polarization space distribution and average polarization respectively. These equations can be easily rewritten in the conventional for bulk ferroelectric form
and
where the coefficients a, b, c and a 1 , b 1 , c 1 can be obtained from the comparison of Eqs.
(11a,b) and (13a,b), namely
In the general case, the coefficients (14a,b) depend on the temperature, the film thickness, the extrapolation lengths and the coefficient before polarization gradient, as it follows from Eqs. (12), (7) and (5) . At first glance these dependencies seem to be rather complex, although they have been already simplified due to inequalities
A further simplification of the coefficients (14) was made by rewriting them via the critical
) (see the left hand side part of Eq. (8)). The first or the second type of the coefficients representation can be useful when studying respectively the temperature (at given thickness) or thickness (at fixed temperature) dependencies of the film properties. In the first case the coefficients a in (14a) and a 1 in (14b) can be rewritten as:
An estimation of the second multipliers in Eqs. (15a) and (15b) has shown that they are very close to unity (for ferroelectric phase transition of displacement type α 0 /(4π) ≤ 10
with T c − T cl ≤ 10 2 and for order-disorder type α 0 /(4π) ≈ 10 −3 with T c − T cl < 10 2 ) and so 1 − A 1 ≈ 1 everywhere in Eqs. (14a) and (14b). Similar estimations have shown that B ≪ 1 and C ≪ 1 so that with a good accuracy
When studying the thickness dependence of the film properties at fixed temperature, substitution of critical thickness l c (8) into Eq. (14) yields: (4)) and used the inequality h ≫ 1, f ≪ 1, which are valid practically for any thin film, as discussed earlier.
Since the formulas which express the physical properties via the free energy coefficients for both first and second order phase transitions are of the common knowledge (see e.g. [15] ),
we shall consider only polarization, dielectric susceptibility and pyrocoefficients with special attention to their thickness and temperature dependencies, which are the characteristic features of ferroelectric thin films. For sake of simplicity, we shall represent, in what follows, these dependencies for the second order phase transition. Special attention will be payed to depolarization field contribution to find out the cases and conditions at which these field effects are more or less important qualititavely or quantitatively.
V. THE SPECIFIC BEHAVIOR OF THE PHYSICAL PROPERTIES OF FERROELECTRIC THIN FILMS
A. The space distributions of the physical properties
The profiles of the physical properties are defined by the function (1 − ϕ(ξ)) in Eq. (10) and their amplitudes can be found by conventional minimization of free energy (13a) with the coefficients (16a), (16b). More particularly, for second order phase transitions at E = 0:
for the ferroelectric phase (T < T cl , l > l c ) and
, Π = 0; (18a)
for the paraelectric phase (T > T cl , l < l c ).
Here P , χ and Π are the amplitudes of the polarization, dielectric susceptibility and pyrocoefficient which have to be multiplied by (1 − ϕ(ξ)) to obtain these properties profiles. The formulas (17a), (18a) and (17b), (18b) can be applied when studying respectively temperature (at fixed film thickness) and thickness (at fixed temperature) dependencies.
The space distributions of these quantities are depicted in Figs. 3, 4, 5 for several film thickness at fixed low temperature, P s0 , χ 0 , Π 0 being the quantities value at l → ∞ (see Eq. (17b)). One can see that the amplitude of the susceptibility increases much faster than that of the pyrocoefficient at l → l c while the amplitude of spontaneous polarization decreases with the decrease of the film thickness, the shape of all these quantities profiles being completely the same. It should be underlined that the profiles are asymmetrical for different extrapolation lengths on the two surfaces. It can be easily seen that the profiles remain smooth in the most part of the film even for thin films with thickness close to the critical value l c (see solid curves 1 and 2). This phenomenon can be explained by the influence of the depolarization field that tends to flatten the polarization space distribution as it will be shown later.
B. The average values of the physical properties
The thickness and temperature dependencies of the properties can be obtained directly by minimization of the free energy (13b) with respect to Eqs. (16a), (16b) and accordingly, they can be calculated on the basis of Eqs. (17) and (18) A characteristic feature of the properties temperature dependencies is the shift of the average properties anomalies to lower temperature on decreasing the film thickness. Since the divergences of χ and Π are related to the temperature of the thickness induced ferroelectric phase transition (see Eqs. (17), (18)), the aforementioned shift is related to the T cl dependence on the film thickness (see Fig. 1 ). The shift of T cl due to the depolarization field effect (compare dashed and solid lines in Fig. 1 ) defines this field effect on the average properties of the ferroelectric films. Since the intersections of the curves with abscissa axis in Fig. 1 ∆T c = 108 o C respectively, which means that T cl can be rather close to the T c value. For thicker films T cl is expected to be even closer to T c (see Fig. 1 ).
C. The depolarization field and its influence on the physical properties
The depolarization field is given by Eq. (3), which after substitutions P z = P (1 − ϕ(ξ))
and P = P (1 − A 1 ) (see section 4) can be rewritten as
Keeping in mind that l/l d = h ≫ 1, and that U 1 and U 2 are quantities of the same order of magnitude (e.g. U 2 /U 1 = 1 at λ 1 = λ 2 ) one can conclude that for symmetrical boundary
Therefore at ξ < ξ cr E Fig. 3 ). The difference in the behaviors induced by the depolarization field effect on P s on one hand, and χ and Π, which are the derivative of P s , on the other hand, is not surprising, since, e.g., Π ∼ 1/P s , and an increase in P s should result in a Π decrease and vice versa.
VI. DISCUSSION AND CONCLUSION
Let us discuss briefly the accuracy of the calculations and the physical model we used here. The variational method used for the calculation of the polarization in the ferroelectric phase is an approximation, its accuracy being usually a few percent. To prove this we performed the calculations in two important cases by other exact ways: in the vicinity of the phase transition, where P s tends to zero and can be considered as a small parameter, and for the thick film limit, when the polarization space distribution is almost uniform In our calculations we did not take into account the possible shift of T c by mechanical strains originating from the misfit between the substrate and the film lattice constants, thermal expansion coefficients and growth imperfections. Because of the strain relaxation due to misfit dislocations, the strains are not homogeneous and in the general case their value are small in most part of the film [16] . We accordingly neglected the renormalization of T c value by mechanical strains.
Let us discuss briefly the depolarization field effect. As it follows from the above considerations, the depolarization field does not change the general form of P s , χ and Π average values dependences on the film thickness and temperature (see Figs. 6, 7) . The depolarization field smoothes the space distributions of these quantities, and in particular cancels the maxima near the film surfaces in the space distributions of χ and Π obtained in the case where the depolarization field can be neglected (see Figs. 4, 5) .
The main effect of the depolarization field is the shift of the boundary between the paraelectric and ferroelectric phases on the temperature -film thickness phase diagram to larger thickness, as can be seen from Fig. 1 . This shift can be especially large for thin films because the critical temperature T cl obeys a T c − T cl ∼ 1/l dependence when taking into account depolarization field contribution (see Eq. (9) and solid lines in Fig. 1 ) but a Although we considered spontaneous polarization and other properties without Any external electric field application, the case of E = 0 can be considered on the basis of Eq. (13), i.e., in the same way as nonlinear effects in the bulk. It should be mentioned that a non linear dielectric response was measured in Ba 0,7 Sr 0,3 TiO 3 thin films with thickness 24-160 nm [8] . Authors of this work explained the observed temperature and E-field dependencies using a conventional power series expansion of the free energy. They came to the conclusion solution exists only under the condition α < 0 (see, e.g. [18] ) and gives the following space distribution of the spontaneous polarization for the phase transition of the second order:
Here l 0 = −λ/α is the correlation length, sn(u|m) is the elliptic sine function [18] , and the constants m and z 0 have to be determined from the boundary conditions (2b). Using the properties of the elliptic functions it is easy to obtain equations which these constants satisfy:
where K(m) and F (φ, m) are complete and incomplete elliptic integrals of the first kind respectively [18] , and the following definition is introduced:
Since α = α 0 (T − T c ), where T c is the temperature of the ferroelectric phase transition of the thick film, the nonhomogeneous polarization of the film P (z) should depend on temperature T and external electric field E. This allows to calculate the non homogeneous pyrocoefficient Π(z) = (dP (z)/dT ) E=0 and the linear dielectric susceptibility χ(z) = (dP (z)/dE) E=0 .
Differentiation of Eqs. (2a) and (2b) gives the following differential equations for the pyrocoefficient and dielectric susceptibility calculations:
The general solution of Eq. (A8a), which is a particular case of the Lame equation, is the following [19] :
where the function y i (x) has the following form:
Here cn(u|m) and dn(u|m) are the elliptic cosine and delta amplitude functions respectively [18] 
In Eqs.(A10b, c) E(ϕ, m) and am(x) are an incomplete elliptic integral of the second kind and an elliptic amplitude function respectively [18] . The constants C The dielectric susceptibility can be obtained in a similar way:
where
Here χ 0 = −1/2α is the thick film susceptibility. Coefficients C 
